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FIROZ AHMAD'’S MATHEMATICS

THINGS TO REMEMBER

¥ Definite Integration

Let f{x) be a continuous function defined on a closed interval [a, b] and f(x) dx = F(x) + c, then
b
[ feodx=[F(0),

b
or [ f(0)dx=F(b)-F(a)
The numbers a and b are called the limits of integration. a is called the lower limit and b is called the
upper limit.
Geometrical Interpretation of a definite integral

Geometrically it represents an algebraic sum of the areas of regions bounded by graph of the function
y = f(x), the x-axis ad the straight lines x = a and x = b. The areas above x-axis are taken as positive and the

areas below x-axis are taken as negative.
b
[ FOo)de=4,— 4, + 4~ 4, + 4

Where A, A, A, A, and A, are the areas of the shaded region.

3 Properties of Definite Integration

b b b
1. j F(x)dx = j F(t)dt = j f(u)du
Here, x is a dummy variable, it can be replaced by any other variable t, u, ..........

ie, The value of a definite integral does not change with change of variable of integration provided

the limits of integration remains the same.

2. Interchanging the limits of the definite integral does not change the absolute value but change the

sign of the integral.

J| £ e = f (o)
3. j” F(x)dx = j” S+ [ " F(0)dx, (a < ¢ <b)
4. j” f(x)dx = j” f(a+b-x)dx

b b
In particular, '[ f(x)dx= '[ f(a—x)dx
Special Case

B r’ f () dr
S f)+ fla+b-x)

_'[b fla+b—x) 5
Sl f(0)+ flat+b-x)
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I UCESICET e
=L@+ flarb—x)

21= [ dv=(b-a)

Izr’ S(x) b

« f(x)+ fla+b—x) 2

Eq. (i) is a special case 4th property and is used as standard result.

S.

Lza Sy =" f()dx+| f(2a—x)dx

_2[ foax, 1HA2a-x)=fx)
- 0, If f(2a—x) = f(x)

2 j: F(x)dx, IEf=x) =1x)

r f(x)dx =10 ie, f(x) is even.
—a > Ifﬂ_ x) _ _ﬂx)
ie, f{x) is odd.

Leibnitz’s Rule

" ey =) 1]~ () T]
dx Jg(x

n particular - [ £ @de 0 £ 1),
dx Ja

{a is any constant independent of x}
or 4 .[ " f(Odt=f(x)
dxa

If f{x) is a periodic function with period T, then
nT T

(a) J;) f(x)dx = n'[o f(x)dx,nel
a+nT T

® [ fr)dx=n jo f(x)dx,nel, acR
nT T

(c) J:nT f(x)dx=(n- m)'[o f(x)dx, m,nel
a+nT a

@ [ S (x)dx = jo f(x)dx,nel,aeR

© [ " fdx=[ f(x)dv, nelabeR

(In general)

9. Iff(x)>g(x), then Jj f(x)dx > Jj g(x)dx (whereb>a.)
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10. Iff{ix) > 0 for all x & [a, b], then j” f(x)dx>0 .
1| [ f@dx| < [[17Go | d

12. If m and M are global minima and global maxima of f{x) in [a, b], ie, m < f{x) M for a <x <b, then
% Definite Integration by Substitution

When we substitute, we are chaging the variable, so we cannot use the same upper and lower limits. We
can either

do the problem asan indefinite first, the use upper and lower limits later.

Or do the problem throughout using the new variable and the new upper and lower limits.

Show the correct variable for the upper and lower limit during the substitution phase.
X Definite Integral as a Limit of Sum

Let f{x) be a continuous real valued function defined on the closed interval [a, b] which is devided into

b—a
n parts. The point of division on x-axis are a, a + h, a + 2h,

...... a+ (n—1)h, a+ nh where h =

LetS_denotes the area of these nrectangles. Then S =hf(a) + hf(a + h) + hf(a + 2h)+.....+hf(a + (n— 1)h)

A y = )
- /
P
s
® <<
(@) + N -:S\ .ﬁ
o t 1
® £ s
+ +
T ©
Clearly S_is area very close to the area of the region bounded by curve y =f{(xx), x-axis and the ordinates
x=a,x=Db.
Hence,

b n—1
[ f(x)dx=1imS, =lim > hf (a+rh)
a n—0 n—0 —0

_ lim i(““}f{w (b_“)rJ
20 n

n

In particular, ifa= 0, b= 1, then

[} f(x)dx = lim Z%f(;}
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¥ Walli’s Formula

(m—1)(m—>3)...... (n=D#=3)....... x| when both m, n are even
22 . (m+n)(m+n-2)...... 2
'[0 sin” xcos” xdx = (1-1)(n—3)
(m-D)(m=3)...... ——————————————= » Otherwise

e In a definite integral, there is no need to keep the constant of integration.

® The indefinite integral I f(x) dx is a function of x, whereas definite intergral '[ ’ f(x) dx is a number.
e Given I f(x) dx we can find '[ ’ f(x) dx, but given '[ ’ f(x) dx we cannot find I f(x)dx.
e [ff{(t) is an odd function, then ¢(x) = J: f(t)dt is an even function.

e Iff{t) is an even function, then ¢(x) = J: f(#)dt is an odd function.

e [ff(t) is is discontinuous at x = a, then

Ij“f () =["[f(a=x)+ f(a+x)] dx

® we can also write

S = hf(a+ h) + hffa + 2h)+.......... +hf(a + nh)
and [/ 7Gx =1im > hf (a-+ i), =2
a n—>0 —1 n

r 1 .
® To express the limit of sum as definite integral replace " by x, " by dx and EE;Z by '[

. [
For limit, evaluate EE:(;J by putting least and greatest values of r as lower and upper limits

respectively.

o mEL(DDe

2] <o [m(2)] -
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